


(‘ . Two-level approximation

+ S

We consider schematic line-formation cases with easy solution

highly simplified: not accurate, but provide insight into the mechanisms at work
in real stellar atmospheres.

Consider an atomic model with only two important levels: lower | and upper u.

Although highly simplified, it well approximates the situation for some lines, e.qg.
resonance lines from the ground state.



(‘ . Two-level approximation

S
Rate equations (statistical equilibrium)

n; Z(Rzg + Cij) + ni(Rix + Cix) = an(ij; + Cji) + np(Rii + Chri)
ol i

Consider two levels u and [: isolating the transitions between them

+ ny Z (Ri;+C1)+ni(Ru+Cix) = Z n;(R;j1+Cj1)+np( Rri+Cri)
J7#lu J#Lu

and neglecting all transitions involving  # l,u, plus recombinations/ionizations:

|::> nl(Rlu + Clu) = nu(Rul + Cul)




(‘ . Two-level approximation

o S
substituting for the R coefficients:

oo oo

nl<Blu/§0VJVdV+ Clu) — Ny, (Aul + Bul/SOVJVdV +Cul>
0 0

assuming collision rates dominate over radiative rates N1Cry = NuCul

remembering that (Cj, = (n“) Cy = gje—Euz/kT Cul
Ny gi

U —E. /KT _
—> N € / Cut = nyCul

LTE




(‘ . Two-level approximation

g

Calculation of the line source function

i hv li hv
H}/me - (nlBlu o nuBul) Pv E eylne = nuAul CPVZT
v
Sline — e}jine _ nuAul _ Aul
v /{yljme Ny Biy, — nuBul %Blu — Dul
3
gu 2hv
i By, = — Bui Ay = Bui
with “ a ¢ “ c2 “ Note: this is the general expression
for the line source function in NLTE. It is
. 2h° 1 always valid (not only in 2-level
Shne : . . . .
. — 2 Mgy _ | approximation). What is different in the
N gl general case, is how n, n, are compufed




(‘ . Two-level approximation

.
If we substitute T _ g—“e_Eul/k’T = <n“) E = hv
ny gi ni
. 2hv? 1
L . line __ _
| | we recover the Planck function S, = 02 hu/kT _ 1 = L, (T)
For the 2-level atom we found nl(Blu/goyJVdV—l— Cr) = Ny, (Aul+Bul/%Jde +C)
0 0
2
:C n, o 1+7§—3f901/’c]1/ dV/+Cul/Aul
n ggl [2h 3 fQOV’JV’dV/ + 6_hy/kTCul/Aul]

and substituting in S,;:



(‘ . Two-level approximation

g

2hv3 Tcliyg [ovdpdy +e " Cy/Au

Sline —
v c2 1+ %Lzl(l _ e—hu/kT)
1 2h13 e W/ETC,
— Cui —hv/kT /QOV/JV/dV, T Cul l—/:’lj;ifT
1+ 74 (1—e ) ¢ 14 3(1—e )
Y e

Lo 2h1? 1 (1 — e M/FYCui/ Aui
2 ehv/ET _ 1 14+ izz(l _ e—hu/kT)
l \ J

Y

B, (T) ‘=g



(‘ . Two-level approximation

g

scattering term thermal term

\

7

Slyine = 1—6 /QOV’JV’CZV,‘I_EBV(T):
0]

\

{ SOI//JV/ dl// —|_ 6/ BV(T)

1+ ¢€

_ (1= _h”/kT) Cut/Aur _ €

/

Comparison with Chapter 3:
Continuum source function with

photons are either destroyed into

_ —hv/kT 1 / thermal pool or scattered without
1 + <1 € ) € change in frequency and isotropically
destruction probability photons are created in thermal
processes (¢ B,)
/40;1/ 0-1/
SI/ — v - JI/
Ky + oy Ky + Ov

true absorption + scattering

-> line source function has similar terms
except that we also allow for
non-coherent scattering



(‘ . Two-level approximation

+ S

deep layers: collisions dominate 2> ¢ >1 ore=1 thermal term dominant
higher layers: collisions non-important - ¢ ~0 e=0 scattering term dominant

a) C, >A, e=1 > S, =B, (T) LTE

b) C, <Ay e~0 > S,=[o,Jd,dV extreme non-LTE

Chapter 3: S, = J, for pure coherent scattering
now S, = [¢,J, dv non-coherent scattering



(‘ . Two-level approximation

g

This second case (S, # B,) has a macroscopic interpretation in terms of scattering

) line ) ; -

ine __ Cv - ! ine __ ine /

SV o Kline _ /SOV/JV’dV ; €, =R, / QOV’JI/’dV
g 0 0

for a narrow absorption profile function ¢, ~d(v/ — v)

as in a coherent scattering process (e.qg.

> E}jne = H}lyme J]/ Thomson scattering)
complete redistribution: emission and
absorption profiles identical

microscopically there is a photon 2-level atom is a special NLTE case
absorption | = u followed by re-emission

in general the coupling between J , n,
and S, is far more complicated 10



(‘ . Two-level approximation

g

Moving outward in the photosphere scattering term dominates

At some point we reach the region where photons are being lost from the star (small
optical depth)
- J, decreases with height = S decreases with height

- absorption line

Iy(0) Sy )
mapping between source

e P A : function (decreasing
U RS R outward) and line profile

line absorption coefficient
larger at line center - see
AL Logt higher layers

wings formed in deeper
layers than line core




(‘ « The Milne-Eddington model
o« J

We have defined line and continuum coefficients for absorption and emission

Total absorption coefficientis Kk, = kS + KL + 0
with ¢ from scattering in the continuum

The line optical depth is dr, = (HJS + Iﬁ),fj + 0) dx
(larger than in the continuum!)

12



(‘ « The Milne-Eddington model
o« J
Transfer equation:

I, (p)

7 :(/{,S—'—K,ﬁ—l—g)ly—eg_eﬁ_o-e]y
X

v

Without dealing with the general case for the computation of all coefficients we assume:

C
- LTE in the continuum 6—”0 = B,(T)
K’I/

- scattering negligible in the continuum 0 < Ky,

- 2-level atom in the line

13



(‘ « The Milne-Eddington model

g

Integro-differential equation

dl o . KC KL
v I, - %Y B,— - G
/’l/ dx (K/y + F':'y) [ 1% FGS + K:II; KS _|_ KJ,I; I/]
with By = :Z dry = (k;, + ky)dx = K, (1+3,)dx
1+ €8, _ . T
Ay = 1165 with ¢ from S =(1—¢) /@V/Jyldl/'—l—eB,,(T)
0
dl,
— M dr = IV—)\VBV— (1_)‘1/) QO,/JVdI/
g 0

14



(‘ « The Milne-Eddington model

g

assumptions (for analytical solution)
1. %, € and B, constant with depth
2. B, linear in continuum optical depth

By — a/+ ch
dr, T,
ch — Te =
1 ‘I_ /81/ 1 —I_ ﬁy

1
= -],
V3

(0)

1
Iy/,l/2d/J/ — §Jy

boundary condition

15



(‘ « The Milne-Eddington model

+ S

N —
L
A
=

M Al =1, —A\B, — (1 - )‘V)JV
dr,
dH, — JV — )\VBV — (1 — )‘1/)']1/
dr,
dK, differentiate this
dr =H, equation again —>

K,
dr2 Jv = NBy = (1= Av)
Eddington
@ approximation
1 d%J,
3dr2 Av(Jv — By)
1d*>B,

B, is linear in t:

3 dr2

_O:> 16



(‘ « The Milne-Eddington model

1 d°
= g B) =Ml - B)
solution:  |J, — By =y e Vv v 1 VBT

boundary conditions T —>00:Jy, = B, — v =0

1JU(()) we use this boundary condition
V3 to determine a,
on the next 2 pages

17



(‘ « The Milne-Eddington model

dK, 1dJ 1dJ, B 1
from Y ="""Y - H P =H,(0)=—-J,(0)
d’TV 3 d’Ty Y 3 dTl/ 7, =0 \/g
1 dJ,
= J,(0)=a,+B,(0)=a, +a=
P 3 dr, 7, =0
from JI/ - BI/ = Oy 6_\/3>\V Tv -+ Yv 6\/3)\V Tv
and B, =a+bre
L an| T ,
S = |—oy, V3, + =a, +a
\/g dTV 7,=0 \/ [ 1 + /81/]

Y~ dB, dB, 1

dr, dr.1+8,



(‘ « The Milne-Eddington model

g

b —+V3a
— o, = T
(V3+/3X,)
: b o
define P, = thermalization depth: for

]‘ _|_ /BV 1
Ty > \/T
/ JV > BV
Dv — af —V3\L 1
V34
\/T J, < B, in outer parts

a Py — a3 1 py + av/3\s of atmosphere
T V3314V 3 14vA

JI/(T) =a —|_py7_1/

Jv(0)

5l

19



(‘ « The Milne-Eddington model

g

compute the line profile

residual flux R, =

H;V
for H: ﬁ,,:RC:O:>p,,:b Av =1

1
— HC(O):b+a\/§
3 2
H
R, — ,,(O)_2 Py T3\ a

T HA0) T (14 V)0 + V3a)

20



(‘ « The Milne-Eddington model

¢ J op —By

9 S isothermal
L. atmosphere (B, = a)
”~
e
. . = V4
a) case e =1 (LTE: pure absorption lines) /e,
05 LTEE, =1
L -
SI/ — BV |z
C Ny,
SIS — 1 %4 — \H"‘--..____
0 | et
14+ ¢ 0 05 10 15 . 20
A, = 1Ty
1+ 5,
ﬁb ++3a .
|::> R. = 1+6y emergent flux determined
v b+ \/ga by surface value of

Planck function

Non-zero residual

B 3a B BV(O) intensity
ThavBa T Byr=1/v8) "

for strong line: B, =« /. >1 R,

21



(‘ « The Milne-Eddington model

g

in LTE the residual flux is non-zero also for strong absorption lines

e.g. in the Sun b/a ~ 9/4 > R=0.44 (A =5000A)

However resonance lines such as Na D have R ~ 103 - 10*4

b) case € = 0 (extreme non-LTE: pure scattering lines)

1 3
N Bo_ A NRVAT
1+ 8y (1+ 1/ 155.) (b + v/3a)

scattering removes all
photons - no photon
emerges from surface

22

R =0 for a strong line formed by

as B, = oo(strong line): y scattering



(‘ « Theoretical curve of growth
o« J

standard diagnostic tool for the determination of metal abundances in cool stars
simple model which allows equivalent widths to be calculated analytically

assumptions:

1. pure absorption lines . 3
2. Milne-Eddington model 115, +V3a
> R, = L
3. LTE | b+ +/3a
4. ¢,=1 (no scattering)
K’zﬁ ni By — nyBul hv
Bv = KC KC drr PV
-
niBiu(l — e M/ETY by ni hy e
— U( C ) 901/:70<1_6 h/kT)i flu SOV:/B()()OV
K 47 K mc

23



(‘ « Theoretical curve of growth

g

——

R _ m&m‘k\/ga
Y b+ +/3a

AV:]_—RU: /BOCIOV ( b ):A
1+ ﬁO Puv b+ \/ga
Ry

|
||

J B, increase

Vo

ﬁO Pv

—_ line depth
0 1 + ﬂO Pv p

in LTE non-zero central

intensity even for strong
lines (By = o)

24



(‘ « Theoretical curve of growth

g

Equivalent width W, = /AV dv
0
— W, = A - Pr dv
050 / 1+ 50 Pu
use Voigt profile ( ) = !
P PV TR = DT Aup

25



(‘ « Theoretical curve of growth

g

A

Iog Wx 3. damping ~ B,%°

3 regimes

1. linear ~ B,

log Bq

2

1. linear regime: unsaturated Doppler core  H(q,v) ~ e~

W, ~ Aoiéo ¢ % dv = Ao o / eV’ (1 — BAOe_”2 + ) dv =~
N&s J 1+ 2R VT J VTAvp
Po

AVD



(‘ « Theoretical curve of growth
. J

2. saturation part: core saturation but line wings not important

as in previous case but o oy
AVD

W, =240 Avp £/ In[Bo/(VaAvp)] ~ /Iy

3. damping part: line wings dominate  H(a, v) ~ 1;; 5
s v
N AoBo r 1 . 1/2
”7’/ ~ ” a / s N “oa dv = AO (a’]TAVDﬁo)

—00 7TA1/D



(‘ « Theoretical curve of growth

g

(a)

1.00

0.75

0.50 T

0.25

;"-I

0.00

effect on a spectral line of
the increase of absorbers
along the line of sight

28



(‘ « Theoretical curve of growth

g

Bo
In general: W, = or
160 o 1 (g
ﬁ* — me’ ne 1 —hv/kT 1
_meluKJC( — € >AVD\/7T
K = kG (1 — e M/RT) in LTE
ni = ni gl(l — e_hV/kT) Boltzmann

a1

0 \/2/TT 1 [2kT
AI/D —_ — - = — -

C m A m

29



(‘ « Theoretical curve of growth

+ S

=

B W

2
logﬁ*=log(ngzM)+10ge‘E”/’“T+10g( o \ i )
g1K§ mc 2KT

5040 E1;

log B* = log(gi fiu)) — T

+ logC

for a single ionization stage C = const

lines belonging to one ionization stage should form a curve of growth: p* varies as a
function of line transition

if T and x, known: shift observed W, curve until it matches theoretical curve

from n, calculate total abundances using Saha-Boltzmann equations

30



(‘ « Theoretical curve of growth
S
empirical curve of growth

plot log (W/2) vs log (gfA) - 5040 E,, /T for each line

adjust T to minimize scatter around a mean curve (excitation temperature typical
of line formation region)

-390

empirical curve of growth for
] iron and titanium lines in the Sun

—4.0
w
log T

—50

—60F

—70 1 I | L 1 |
—-30 —-20 -1.0 0.0 1.0 20 30

5040F
log(g1fru ) — !

T +logC
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